Semi-Equivelar maps are generalizations of maps on the surfaces of Archimedean solids to surfaces other than the 2-sphere. The well known 11 types of normal tilings of the plane suggest the possible types of semi-equivelar maps on the torus and the Klein bottle. In this article we classify (up to isomorphism) semi-equivelar maps on the torus and the Klein bottle with few vertices.
Introduction and results
As is well known, equivelar triangulations, also known as degree-regular triangulations (see [3] , [4] , [7] ) of surfaces and in more generality equivelar maps (see [1] , [2] , [5] , [6] ) on surfaces are generalizations of the maps on surfaces of Platonic solids to the surfaces other than the 2-sphere. In this article we attempt to study generalizations of maps on the surfaces of Archimedean solids to the torus and the Klein bottle. A similar study for the surfaces of Euler characteristics −1, −2, −4, and −6 was carried out in [6] and [9] . We call such objects semi-equivelar Maps or briefly SEM(s).
Most of the definitions and the terminology used in this section are given in [2] , [8] and [9] . We reproduce them here for the sake of completeness and ready reference. A p-cycle, denoted C p , is defined as a finite connected 2-regular graph with p vertices. A 2-dimensional polyhedral complex K is a collection of p i -cycles, where {p i : 1 ≤ i ≤ n} is a set of positive integers ≥ 3, together with vertices and edges in the cycles such that the intersection of any two cycles is empty, a vertex or is an edge. The cycles are called faces of K and the symbols V (K) and EG(K) denote the set of vertices and edges of K respectively. A polyhedral complex K is called a polyhedral 2-manifold if for each vertex v the faces containing v are of the form C p 1 , . . . , C pm where C p 1 ∩ C p 2 , . . . C p m−1 ∩ C pm , and C pm ∩ C p 1 are edges for some m ≥ 3. A connected finite polyhedral 2-manifold is called a polyhedral map. We will use the term map for a polyhedral map. A geometric object |K| is associated to a polyhedral complex K as follows : corresponding to each p-cycle C p in K, consider a p-gon D p whose boundary cycle is C p . Then |K| is the union of all such p-gons and is called the geometric carrier of K. The complex K is said to be connected (resp. orientable) if the topological space |K| is connected (resp. orientable). Between any two polyhedral complexes K 1 and K 2 we define an isomorphism to be a map f :
is a bijection and f (σ) is a cell in K 2 if and only if σ is a cell in K 1 . If K 1 = K 2 then f is called an automorphism of K 1 . The set of all automorphisms of a polyhedral complex K form a group under the operation composition of maps. This group is called the group of automorphisms of K. If this group acts transitively on the set V (K) then the complex is called a vertex-transitive complex. Some vertex-transitive maps of Euler characteristic 0 have been studied in [1] .
The face-sequence of a vertex v in a map K is a finite sequence (a p , b q , . . . , m r ) of powers of positive integers a, b, . . . , m ≥ 3 and p, q, . . . , r ≥ 1, such that through the vertex v, p numbers of C a , q numbers of C b , . . ., r numbers of C m are incidents. K is said to be semiequivelar if the face-sequence of each vertex of K is the same up to a cyclic permutation. 
As a corollary we get : Proof : : From Example 5 it is easy to see that the maps denoted by T are all orientable and those by K are non-orientable. The proof now follows from Lemma 1, 3 and Theorem 2. ✷ This article is organized in the following manner. In the first section we present examples of SEMs in the tabulated form and also pictorially. The subsequent section gives proof of the results mentioned above. The proof is a case by case exhaustive search for possible examples which might exist. Since the method involved in the proof for search of objects corresponding to different types of SEMs and different number of vertices is same and repetitive, we have skipped the unnecessary details and invite the interested reader to construct it for him(her)self or the reader may ask the authors to send the proof. 
Examples
8 0 - - 10 2 T 1,10 (3 3 , 4 2 ) K 1,10 (3 3 , 4 2 ) 1. (3 3 , 4 2 ) 12 5 T 1,12 (3 3 , 4 2 ) K 1,12 (3 3 , 4 2 ) T 2,12 (3 3 , 4 2 ) K 2,12 (3 3 , 4 2 ) T 3,12 (3 3 , 4 2 ) 14 3 T 1,14 (3 3 , 4 2 ) K 1,14 (3 3 , 4 2 ) T 2,14 (3 3 ,4 2 )v 7 v 1 v 4 v 0 v 3 v 8 v 9 v 6 v 6 v 7 v 1 v 2 v 5 v 4 v 7 v 5 v 2 v 5 T 1,10 (3 3 , 4 2 ) v 4 v 6 v 9 v 7 v 8 v 5 v 6 v 7 v 8 v 9 v 7 v 8 v 5 v 0 v 3 v 1 v 2 K 1,10 (3 3 , 4 2 ) v 11 v 7 v 6 v 10 v 11 v 10 v 6 v 7 v 11 v 10 v 4 v 5 v 4 v 5 v 3 v 0 v 2 v 1 v 9 v 8 K 1,12 (3 3 , 4 2 ) v 11 v 11 v 6 v 7 v 8 v 4 v 4 v 8 v 7 v 6 v 5 v 4 v 5 v 11 v 0 v 3 v 1 v 2 v 9 v 10 K 2,12 (3 3 , 4 2 ) v 9 v 8 v 10 v 8 v 9 v 8 v 10 v 9 v 11 v 6 v 7 v 2 v 1 v 3 v 0 v 7 v 6 v 11 v 4 v 5 T 2,12 (3 3 , 4 2 ) v 5 v 4 v 11 v 7 v 5 v 4 v 11 v 7 v 10 v 7 v 6 v 6 v 5 v 10 v 8 v 9 v 0 v 3 v 1 v 2 T 1,12 (3 3 , 4 2 ) v 6 v 7 v 8 v 9 v 10 v 8 v 7 v 6 v 11 v 10 v 9 v 8 v 10 v 11 v 2 v 1 v 3 v 0 v 4 v 5 T 3,12 (3 3 , 4 2 ) v 6 v 5 v 12 v 11 v 2 v 1 v 7 v 4 v 5 v 6 v 7 v 1 v 2 v 11 v 12 v 5 v 4 v 7 v 8 v 9 v 10 v 13 v 3 v 0 T 1,14 (3 3 , 4 2 ) v 8 v 5 v 6 v 13 v 4 v 5 v 6 v 7 v 8 v 5 v 4 v 13 v 6 v 7 v 9 v 10 v 2 v 11 v 1 v 3 v 12 v 0 K 1,14 (3 3 , 4 2 ) v 6 v 5 v 11 v 2 v 1 v 7 v 13 v 4 v 5 v 6 v 7 v 1 v 2 v 11 v 5 v 4 v 13 v 7 v 0 v 3 v 12 v 8 v 9 v 10 T 2,14 (3 3 , 4 2 ) v 6 v 9 v 8 v 5 v 6 v 7 v 1 v 7 v 1 v 9 v 8 v 5 v 6 v 6 v 10 v 11 v 4 v 3 v 0 v 2 K 1,12 (3 2 , 4, 3, 4) v 2 v 15 v 16 v 18 v 17 v 12 v 11 v 3 v 1 v 0 v 6 v 7 v 5 v 4 v 14 v 13 v 10 v 9 v 11 v 12 v 7 v 6 v 8 v 19 v 5 v 4 v 9 v 10 v 8 v 19 v 10 v 8 v 18 T 1,v 7 v 8 v 9 v 2 v 3 v 4 v 5 v 6 v 1 T 1,18 (3, 4, 6, 4)
Proofs
In the preceding section all possible face-sequences of semi-equivelar maps on the plane were given. Our aim is to find the SEMs on at most twenty vertices. Consider the case for the SEMs of face sequence {3, 12 2 }. We observe that link of a vertex in this map contains more than twenty vertices. Hence we discard this case. Similarly considering links of 0 and 13 one can see that link of vertex 13 in the SEM of type {4, 6, 12} requires more than 20 vertices. So this case is not possible in the present consideration. Hence we discard this case as well. Proof :{Proof of Lemma 1}: Let M be a SEM of type (3 . This implies lk(1) = C 7 (0, 3, 2, y, x, 7, 6) for some x, y ∈ V .
When |V | = 8, i.e., V = {0, 1, . . . , 7} then (x, y) ∈ {(4, 5), (5, 4)}. But, for both the cases, either 4 or 5 appears in more than three triangles. This is not possible. When |V | = 10, i.e., V = {0, 1, . . . , 9} then it is easy to see that (x, y) ∈ {(4, 5), (4, 8) , (5, 4) , (5, 8) , (8, 4) , (8, 5) , (8, 9) }. If (x, y) ∈ {(4, 5), (4, 8) , (5, 4) , (5, 8) , (8, 4) , (8, 5 )} then as in the previous case, either 4 or 5 appear in more than three triangles, which is not possible. Hence (x, y) = (8, 9) . This implies lk(1) = C 7 (0, 3, 2, 9, 8, 7, 6). Then lk(2) = C 7 (3, 0, 1, 9, a, b, c) for some a, b, c ∈ V . It is easy to see that (a, b, c) ∈ {(4, 5, 8), (4, 6, 7) , (4, 7, 6) , (4, 8, 5) , (5, 4, 8) , (5, 6, 7) , (5, 8, 4) , (6, 4, 5) , (6, 5, 4) , (6, 5, 8) , (6, 4, 8) , (6, 8, 4) , (6, 8, 5) , (7, 4, 5) , (7, 4, 8) , (7, 5, 4) , (7, 5, 8) , (7, 8, 4) , (7, 8, 5 (5) has more than seven vertices, which is a contradiction. When (a, b, c) ∈ {(6, 4, 5), (6, 4, 8) , (6, 8, 4) , (6, 8, 5 )}, then lk(6) has more than seven vertices, which is a contradiction. When (a, b, c) ∈ {(7, 4, 5), (7, 4, 8) , (7, 5, 4) , (7, 5, 8) }, then lk(7) has more than seven vertices, which is a contradiction. If (a, b, c) = (6, 5, 4) then we have lk(2) = C 7 (3, 0, 1, 9, 6, 5, 4), this implies C 4 (0, 3, 2, 5) ⊆ lk(4), which is a contradiction. When (a, b, c) = (7, 8, 4) then we have lk(2) = C 7 (3, 0, 1, 9, 7, 8, 4), this implies C 5 (0, 1, 2, 8, 4) ⊆ lk(3), which is a contradiction. Hence we have (a, b, c) ∈ {(6, 5, 8), (7, 8, 5) 
, completing successively, we get lk(9) = C 7 (4, 5, 8, 1, 2, 6, 7), lk(7) = C 7 (6, 9, 4, 3, 8, 1, 0), lk(6) = C 7 (7, 4, 9, 2, 5, 0, 1), lk(4) = C 7 (9, 8, 5, 0, 3, 7, 6) and lk(5) = C 7 (8, 3, 2, 6, 0, 4, 9). Then we get
). So lk(1) = C 7 (0, 3, 2, 9, 8, 7, 6). This implies lk(2) = C 7 (3, 0, 1, 9, a, b, c) for some a, b, c ∈ V . It is easy to see that (a, b, c) ∈ {(6, 5, 8), (6, 5, 10), (7, 8, 5) , (10, 6, 7), (10, 7, 6), (10, 11, 5), (10, 11, 8)}. Now, proceeding as in the case of |V | = 10 we get -for (a, b, c) = (6, 5, 10),
This implies lk(2) = C 7 (3, 0, 1, 9, a, b, c), for some a, b, c ∈ V . It is easy to see that (a, b, c) ∈ {(6, 5, 8), (6, 5, 10), (7, 8, 10) , (10, 6, 7), (10, 7, 6), (10, 11, 5), (10, 11, 8), (10, 11, 12)}. For (a, b, c) = (6, 5, 10) we 
. This proves (iii). Thus the claim. With this observation we proceed as follows :
When |V | = 8 then, considering the claim in previous paragraph, it is easy to see that (c, b, a) ∈ {(6, 5, 7), (7, 6, 5)}. But, then two quadrangles share more than one vertex. This is not possible. So |V | = 8. When |V | = 10 then, considering the claim above, we have (c, b, a) ∈ {(6, 5, 7), (6, 5, 8) , (7, 6, 5) , (7, 6, 8) , (8, 5, 6) , (8, 5, 7) , (8, 5, 9) , (8, 6, 5) , (8, 6, 7) , (8, 6, 9) , (8, 9, 5) , (8, 9, 6) , (8, 9, 7)}. We see that, for (c, b, a) ∈ {(6, 5, 7), (7, 6, 5) , (8, 5, 6) , (8, 5, 7) , (8, 6, 5) , (8, 6 , 7)}, quadrangles [0, 5, 6, 7] and [1, 2, b, a] share more than one vertex, which is not possible. Thus (c, b, a) ∈ {(6, 5, 8), (7, 6 , 8) , (8, 5, 9) , (8, 6, 9) , (8, 9, 5) , (8, 9, 6) ,(8, 9, 7)}. If (c, b, a) = (6, 5, 8) then lk(2) = C 7 (6, 3, 4, 0, 1, 8, 5 ). This implies lk(5) = C 7 (4, 0, 7, 6, 2, 1, 8) and lk(4) = C 7 (5, 0, 2, 3, d, e, 8) for some d, e ∈ V . It is easy to see that d ∈ {6, 7, 9}. If d = 6 then e = 7, for otherwise deg(6) > 5. Then, there exist three quadrangles incident on 6, which is not allowed. If d = 7 then e ∈ {1, 6}. If e = 1 then lk(7) = C 7 (3, 6, 5, 0, 1, 8, 4). This implies C 6 (0, 2, 5, 8, 4, 7) ⊆ lk(1). If e = 6 then there exist three quadrangles incident on 6. If d = 9 then we see that e ∈ {1, 6, 7}. In case e ∈ {1, 6}, then there exist three quadrangles incident on e. If e = 7 then there exist three consecutive triangles incident on 1, which is not allowed. Hence (c, b, a) = (6, 5, 8) . Proceeding in the same way for other values of (c, b, a) we see that none of these values are admissible. Hence we conclude that |V | = 10. When |V | = 12 then we have (c, b, a) ∈ {(6, 5, 8), (7, 6, 8) , (8, 5, 9) , (8, 6, 9) , (8, 9, 5) , (8, 9, 6) , (8, 9, 6), (8, 9, 7), (8, 9, 10)}. When (c, b, a) ∈ {(8, 6, 9), (8, 9, 7)}, then, as in case for |V | = 10 the map could not be constructed. So, we have (c, b, a) ∈ {(6, 5, 8), (7, 6, 8) , (8, 5, 9) , (8, 9, 5) , (8, 9, 6) , (8, 9 , 10)}. 
For other values of (c, b, a) we do not get any object.
When |V | = 14, we see that the values of (c, b, a) for which M can be constructed are in {(6, 5, 8), (7, 6, 8) , (8, 9, 5) , (8, 9, 6) , (8, 9 , 10)}. Proceeding similarly as in the previous case of |V | = 12 we see that using none of these values can M be actually constructed. This proves Lemma 1. C 9 (1, 2, 3, 4, 5, 6, 7, 8, 9 ) and lk(1) = C 9 (2, 3, 4, 5, 0, 8, 9, 10, 11) . Proceeding similarly as in the previous cases we see that |V | = 12. So, |V | = 18 and in this case we get M ∼ = K 1,18 (3, 4, 6, 4) (4, 8 2 ) by the map :
Let M be a SEM of type (3 4 , 6) on a surface of Euler characteristic 0. The notation [6, 7, 8, 9 , 10]). Proceeding as in the previous cases, we see that in this case we do not get any examples. This proves Lemma 3. Proof of Theorem 2 To show that these maps are non-isomorphic we only need to show that
2 ). For this we compute the characteristic polynomials of the incidence matrix of the edge graph of respective maps. These are as follows : Now the proof of the theorem follows from Lemma 1 and the fact that if two maps are isomorphic then the characteristic polynomials of the incidence matrices of their edge graphs are identical. ✷
Infinite series of semi-equivelar maps
Infinite series of all equivelar maps, i.e. maps of types ( 3 6 ), (4 4 ) and (6 3 ), on the surfaces of torus and Klein bottle are shown in the figures below (Fig.(4.1)-Fig.(4.5) ). For the series of equivelar map of type (6 3 ) on Klein bottle consider the dual of the equivelar map of type (3 6 ) on this surface. An infinite series of all eight types of semi-equivelar maps on torus and Klein bottle can be obtained from the infinite series of equivelar maps on the respective surfaces by using subdivision and truncation.
Here we construct such series for the torus, and a similar construction will work for the Klein bottle also. To construct the SEMs of types (3 3 , 4 2 ), (3 3 , 4, 3, 4), (3, 6, 3, 6) , (4, 8 2 ) and (4, 6, 12) we consider an equivelar map M of type (4 4 ) with the number of vertices 2n for n ≥ 7 (Fig 4.2) . Then the map has exactly 2n faces (quadrangles). Now we use the operations as follows :
If we subdivide one layer of quadrangular faces by one diagonal in each we get a SEM of type (3 3 , 4 2 ) (see Fig.(4.6) ). Similarly, subdivision of alternate quadrangular faces of the equivelar map by one diagonal in each such that no two subdivided quadrangular face share an edge, leads to a SEM of type (3 2 , 4, 3, 4) (see Fig.(4.7) ). During the construction of these SEMs we see that the number of vertices remains the same (equal to the number of vertices in the equivelar map).
Truncation of an equivelar map of type (p, q) (each face of the map is a p-gon and each vertex belongs to exactly q faces) with n vertices, along its vertices leads to a SEM of type (q, (2p)
2 ) with qn vertices. Thus, if we truncate the equivelar map along its vertices it leads to a SEM of type (4, 8 2 ) (see Fig.(4.8) ) with 8n vertices.
If we subdivide the equivelar map as shown in Fig.(4.9) we get a SEM of type (3, 6, 3, 6) . In this process we see easily that the number of vertices in the SEM is exactly 4n (twice the number of quadrangular faces in the equivelar map). Moreover, if we truncate this SEM of type (3, 6, 3, 6) Infinite series of SEMs on torus
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